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https://1001inspiringquotes.blogspot.com/2019/05/if-you-want-to-find-secrets-of.html

Nikola Tesla (1856~1943)

주파수는 가장 정확히 잴 수 있는 측정량



https://www.bipm.org/en/publications/mises-en-pratique

Uncertainties of Physical Realizations of the Base SI Units

Physical Quantity SI base unit Uncertainties of 
physical realization

luminous intensity cd 4×10−5

thermodynamic temperature K 3×10−7

amount of substance mol 2×10−8

electric current A 1×10−8

mass kg 1×10−8

length m 1×10−12

time s 1.5×10−16

주파수는 가장 정확히 잴 수 있는 측정량

Cs fountain clock



주파수는 가장 정확히 잴 수 있는 측정량

[1] Nature volume 591, 564–569 (2021)
[2] RevModPhys.93.025010(2021)-CODATA recommended values of the fundamental physical constants: 2018

 Frequency ratio of Yb lattice clock and Sr lattice clock (18-digit accuracy)

= 1.207 507 039 343 337 8482(82) [1]

 CODATA (committee on data) fundamental constants recommended values [2]

• Rydberg frequency ; 3.289 841 960 2508(64)×1015 Hz (1.9×10−12)

• 양성자-전자 질량비 ; 1836.152 673 43(11)                 (6.0×10−11)

• 진공 유전율 ; 8.854 187 8128(13)×10−12 Fm-1 (1.5×10−10)

• ……

• 만유인력상수 ; 6.674 30(15)×10−11 m3kg-1s-2 (2.2×10−5)



레이저 주파수의 시간에 따른 변화

J.R. Vig 2014-10-Quartz Crystal Resonators and Oscillators - For Frequency Control and Timing Applications - A Tutorial

Linewidth? frequency noise? Jitter? Drift?
Short-term noise?
Long-term noise?



Accuracy, Precision, and Stability

J.R. Vig 2014-10-Quartz Crystal Resonators and Oscillators - For Frequency Control and Timing Applications - A Tutorial



Short-term 안정도의 world-record

[1] PhysRevLett.118.263202(2017)1.5 μm Lasers with Sub-10 mHz Linewidth
[2] Nat. Photon. 6, 687(2012) A sub-40 mHz linewidth laser based on a silicon single-crystal optical cavity



Long-term 안정도, 정확도의 world-record

[1] nature564-87(2018)Atomic clock performance enabling geodesy below the centimetre level

Measurement instability of 3.2 × 10−19



Frédéric Du Burck – The servo loop, the mean to reach stability transfer

레이저 주파수 안정화



F. Riehle, Frequency standards: basics and applications (John Wiley & Sons, 2006).

레이저 주파수 안정화

Hz/V

V/V
V/Hz

actuator

discriminator
loop filter



F. Riehle, Frequency standards: basics and applications (John Wiley & Sons, 2006).

레이저 주파수 안정화

Hz/V

V/V
V/Hz



Locking to a reference

S. Webster-EFTF2016 Tutorial-Lasers for Optical Frequency Standards



F. Riehle, Frequency standards: basics and applications (John Wiley & Sons, 2006).

레이저 주파수 안정화

Hz/V

V/V
V/Hz

discriminator



https://www.toptica.com/application-notes/phase-and-frequency-locking-of-diode-lasers/error-
signal-generation/general-error-signal-generation-schemes

Side-of-fringe locking
Top-of-fringe locking

FM spectroscopy

레이저 주파수 안정화



F. Riehle, Frequency standards: basics and applications (John Wiley & Sons, 2006).

레이저 주파수 안정화

Hz/V

V/V
V/Hz



Frédéric Du Burck – The servo loop, the mean to reach stability transfer

Feedback control loop



F. Riehle, Frequency standards: basics and applications (John Wiley & Sons, 2006).

레이저 주파수 안정화

Hz/V

V/V

V/Hz

actuator



Actuator

S. Webster-EFTF2016 Tutorial-Lasers for Optical Frequency Standards



Servo Bump



레이저 주파수 안정화 - 원자물리에서의 응용

• Atmospheric physics
• Atom interferometry, rotation & 

acceleration
• Atom lithography and optical 

dipole traps
• Atomic fountains
• Bose Einstein condensate
• Coherent manipulation of ions
• Degenerate Fermi gas
• Degenerate gases in optical 

lattices simulating solid state 
physics

• Dipole interaction and dipole 
blockade

• Doppler cooling
• Electric field measurement
• Fundamental constants and tests 

of fundamental theories
• Ion traps
• Ionization of neutral atoms
• Laser cooling of trapped ions

https://vescent.com/kr/technology-innovations/applications/laser-frequency-stabilization.html

• Magneto-cardiography
• Magneto-encephalography
• Magneto-optical trapping (MOT)
• Molecular and atomic spectroscopy
• Non-linear magneto-optical rotation 

for B-field measurement
• Optical pumping
• Quantum computing
• Quantum cryptography
• Quantum teleportation
• Raman cooling and exotic laser 

cooling schemes
• Rydberg excitation for quantum optics
• Sisyphus / polarization gradient 

cooling & optical molasses
• Sources for single or entangled 

photons
• Time & frequency
• Tuning interactions in degenerate 

gases
• ……



Laser requirements for optical clocks

S. Webster-EFTF2016 Tutorial-Lasers for Optical Frequency Standards



레이저 주파수 안정화 – 이터븀 광격자 시계에서의 응용

Metrologia_58_055007(2021)Absolute frequency measurement of the 171Yb optical lattice clock at KRISS using TAI for over a year.pdf

• 399 nm blue MOT laser – frequency-locked to atomic beam
• 556 nm green MOT laser – frequency-locked to atomic beam and reference cavity
• 578 nm clock laser – frequency-locked to reference cavity
• 578 nm clock laser – fiber frequency noise cancellation
• 759 nm lattice laser – phase-locked to optical frequency comb
• 1389 nm repumping laser – frequency-locked to wavemeter
• 578 nm clock laser – frequency-steered to Yb atom resonance
• ……

<KRISS-Yb1>



레이저 주파수 안정화 – 이터븀 광격자 시계에서의 응용

Metrologia_58_055007(2021)Absolute frequency measurement of the 171Yb optical lattice clock at KRISS using TAI for over a year.pdf

• 399 nm blue MOT laser – frequency-locked to atomic beam (전이선폭 28 MHz)
• 556 nm green MOT laser – frequency-locked to atomic beam and reference cavity
• 578 nm clock laser – frequency-locked to reference cavity
• 578 nm clock laser – fiber frequency noise cancellation
• 759 nm lattice laser – phase-locked to optical frequency comb
• 1389 nm repumping laser – frequency-locked to wavemeter
• 578 nm clock laser – frequency-steered to Yb atom resonance
• ……



Yb doped
fiber amplifier (1 W)

200 mW

556 nm, 30 mW
ECLD 1112 nm
Power~70 mW

Line width ~100 kHz

ECLD 399 nm
Power~15 mW

Line width ~1 MHz

Wave guided
PPLN

T~ 480 oC

ECLD 399 nm
Power~15 mW

Line width ~1 MHz

Collimated atomic beam machine

1S0-3P1 Green MOT

1S0-1P1 Blue MOT

Zeeman Slowing

이터븀 광격자 시계 – 1차,2차 자기광포획



Saturated Absorption Spectroscopy

https://www.thorlabs.com/newgrouppage9.cfm?objectgroup_ID=5616
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For 13C2H2, P(16) (ν1 + ν3)

f =   194 369 569 384.7 (± 2.6) kHz

frequency stability (1 s) = 6.5 x 10-12 

- Acetylene Stabilized LD (KRISS-Ace1)

BIPM : f = 194 369 569.4 MHz ± 5.2 x 10-10

Saturated Absorption Spectroscopy

Cf. 399 nm blue MOT laser – frequency-locked to atomic beam (전이선폭 28 MHz)



레이저 주파수 안정화 – 이터븀 광격자 시계에서의 응용

Metrologia_58_055007(2021)Absolute frequency measurement of the 171Yb optical lattice clock at KRISS using TAI for over a year.pdf

• 399 nm blue MOT laser – frequency-locked to atomic beam
• 556 nm green MOT laser – frequency-locked to atomic beam and reference cavity
• 578 nm clock laser – frequency-locked to reference cavity
• 578 nm clock laser – fiber frequency noise cancellation
• 759 nm lattice laser – phase-locked to optical frequency comb
• 1389 nm repumping laser – frequency-locked to wavemeter
• 578 nm clock laser – frequency-steered to Yb atom resonance
• ……



ao-59-28-8918(2020)
COPP-3(2)128(2019)

PDH (Pound-Drever-Hall) Locking

556 nm 전이선폭 182 kHz - 원자빔 FM 안정화로 불충분
556 nm green MOT laser – frequency-locked to atomic beam and reference cavity

An experimental method is developed for robust frequency stabilization using a high-
finesse cavity when the laser exhibits large intermittent frequency jumps. This is 
accomplished by applying an additional slow feedback signal from Doppler-free 
fluorescence spectroscopy in an atomic beam with increased frequency locking range.



PDH (Pound-Drever-Hall) Locking

S. Webster-EFTF2016 Tutorial-Lasers for Optical Frequency Standards



PDH (Pound-Drever-Hall) Locking

S. Webster-EFTF2016 Tutorial-Lasers for Optical Frequency Standards



PDH (Pound-Drever-Hall) Locking

S. Webster-EFTF2016 Tutorial-Lasers for Optical Frequency Standards



레이저 주파수 안정화 – 이터븀 광격자 시계에서의 응용

Metrologia_58_055007(2021)Absolute frequency measurement of the 171Yb optical lattice clock at KRISS using TAI for over a year.pdf

• 399 nm blue MOT laser – frequency-locked to atomic beam
• 556 nm green MOT laser – frequency-locked to atomic beam and reference cavity
• 578 nm clock laser – frequency-locked to reference cavity
• 578 nm clock laser – fiber frequency noise cancellation
• 759 nm lattice laser – phase-locked to optical frequency comb
• 1389 nm repumping laser – frequency-locked to wavemeter
• 578 nm clock laser – frequency-steered to Yb atom resonance
• ……



578 nm 전이선폭 10 mHz - ULE cavity 이용

Ultra-narrow linewidth laser locking by PDH method



방음 제진대

진공

온도제어 AR코팅

캐비티 민감도 소거 광섬유 잡음 제거

spectral filtering & injection lock

Noise Factors in Ultra-narrow Lasers



Cavity spacer material

ULE Zero crossing temperature에
온도 안정화

ao-59-28-8918(2020)
COPP-3(2)128(2019)



Vibration-Insensitive Cavity

PRA 77, 033847 (2008)                                          OL 32, 641 (2007)





(1) lower temperatures

(2) longer cavities

(3) larger beam waist

(4) substrate and dielectric coating materials with 
lower mechanical loss.

How to improve?

[2] Nat. Photon. 6, 687(2012) A sub-40 mHz linewidth laser based on a silicon single-crystal optical cavity



<Advantages of single silicon crystal> 
 High Q -> reduced thermal noise
 Large Young’s modulus (superior stiffness) -> reduced vibration sensitivity
 No aging-related frequency drifts
 Large thermal conductivity -> homogeneous temperature

[2] Nat. Photon. 6, 687(2012) A sub-40 mHz linewidth laser based on a silicon single-crystal optical cavity

Linewidth record by cryogenic Si single crystal cavity



Low noise crystalline coating

• 광격자시계 불확도 평가에 소요되는 시간을 획기적으
로 줄일 수 있음 (10000초에 10-18의 불확도 평가).

• 크리스탈 성장 방식으로 제작된 캐비티 미러를 사용하
여 열적요동으로 인한 한계가 4.3x10-17으로 기대됨.

• 개발 성공시 상온에서 동작하는 clock laser 중 세계에
서 가장 좋은 안정도를 보일 것으로 기대됨.

• 크리스탈 미러를 도입하고 30 cm 길이의 캐비티 두 개
를 제작.

KRISS – new clock laser



레이저 주파수 안정화 – 이터븀 광격자 시계에서의 응용

Metrologia_58_055007(2021)Absolute frequency measurement of the 171Yb optical lattice clock at KRISS using TAI for over a year.pdf

• 399 nm blue MOT laser – frequency-locked to atomic beam
• 556 nm green MOT laser – frequency-locked to atomic beam and reference cavity
• 578 nm clock laser – frequency-locked to reference cavity
• 578 nm clock laser – fiber frequency noise cancellation
• 759 nm lattice laser – phase-locked to optical frequency comb
• 1389 nm repumping laser – frequency-locked to wavemeter
• 578 nm clock laser – frequency-steered to Yb atom resonance
• ……



Ref. JILA-NIST

Fiber noise cancellation



레이저 주파수 안정화 – 이터븀 광격자 시계에서의 응용

Metrologia_58_055007(2021)Absolute frequency measurement of the 171Yb optical lattice clock at KRISS using TAI for over a year.pdf

• 399 nm blue MOT laser – frequency-locked to atomic beam
• 556 nm green MOT laser – frequency-locked to atomic beam and reference cavity
• 578 nm clock laser – frequency-locked to reference cavity
• 578 nm clock laser – fiber frequency noise cancellation
• 759 nm lattice laser – phase-locked to optical frequency comb
• 1389 nm repumping laser – frequency-locked to wavemeter
• 578 nm clock laser – frequency-steered to Yb atom resonance
• ……



Heterodyne beat



Optical phase lock

S. Webster-EFTF2016 Tutorial-Lasers for Optical Frequency Standards

• 759 nm lattice laser – phase-locked to optical frequency comb

• Optical phase lock between two lasers



frep lock  

Optical frequency comb phase locking to microwave reference



fCEO lock  

Optical frequency comb phase locking to microwave reference



레이저 주파수 안정화 – 이터븀 광격자 시계에서의 응용

Metrologia_58_055007(2021)Absolute frequency measurement of the 171Yb optical lattice clock at KRISS using TAI for over a year.pdf

• 399 nm blue MOT laser – frequency-locked to atomic beam
• 556 nm green MOT laser – frequency-locked to atomic beam and reference cavity
• 578 nm clock laser – frequency-locked to reference cavity
• 578 nm clock laser – fiber frequency noise cancellation
• 759 nm lattice laser – phase-locked to optical frequency comb
• 1389 nm repumping laser – frequency-locked to wavemeter
• 578 nm clock laser – frequency-steered to Yb atom resonance
• ……



파장계를 이용한 레이저 주파수 안정화

Ref.1. Moonjoo Lee - Sensors 21-6255(2021)-Locking Multi-Laser Frequencies to a Precision Wavelength Meter- Application to Cold Atoms
Ref.2. ao-54-32-9446(2015)Frequency stability of a wavelength meter and applications to laser frequency stabilization

The frequency drift of the WLM is measured to be about 2.0(4) MHz over 36 h.

Blue: free-running
Red: 파장계 한계
Black: 파장계로 안정화된 레이저
(16초 bump 원인은 레이저 문제)



Accuracy, Precision, and Stability

J.R. Vig 2014-10-Quartz Crystal Resonators and Oscillators - For Frequency Control and Timing Applications - A Tutorial



Short Term Instability (Noise)

J.R. Vig 2014-10-Quartz Crystal Resonators and Oscillators - For Frequency Control and Timing Applications - A Tutorial



Allan Deviation

Fritz Riehle – Noise and stability of oscillators



Why Allan Deviation ?

J.R. Vig 2014-10-Quartz Crystal Resonators and Oscillators - For Frequency Control and Timing Applications - A Tutorial



Allan Deviation and Frequency Noise

J.R. Vig 2014-10-Quartz Crystal Resonators and Oscillators - For Frequency Control and Timing Applications - A Tutorial



Allan Deviation – Power Law Dependence

J.R. Vig 2014-10-Quartz Crystal Resonators and Oscillators - For Frequency Control and Timing Applications - A Tutorial



Short-term 안정도의 world-record

[1] PhysRevLett.118.263202(2017)1.5 μm Lasers with Sub-10 mHz Linewidth
[2] Nat. Photon. 6, 687(2012) A sub-40 mHz linewidth laser based on a silicon single-crystal optical cavity



Long-term 안정도, 정확도의 world-record

[1] nature564-87(2018)Atomic clock performance enabling geodesy below the centimetre level

Measurement instability of 3.2 × 10−19



Power Spectral Density

J.R. Vig 2014-10-Quartz Crystal Resonators and Oscillators - For Frequency Control and Timing Applications - A Tutorial



Frequency - Phase - Time Relationships

J.R. Vig 2014-10-Quartz Crystal Resonators and Oscillators - For Frequency Control and Timing Applications - A Tutorial



Phase noise power spectral density

Fritz Riehle – Noise and stability of oscillators



Fritz Riehle – Noise and stability of oscillators

frequency noise power spectral density



Phase noise and friends

http://rubiola.org/



W. J. Riley, “Handbook of frequency 
stability analysis,” (2008)

Modified Allan variance



Relationships between spectra and variances

http://rubiola.org/



Short-Term Stability Measures

J.R. Vig 2014-10-Quartz Crystal Resonators and Oscillators - For Frequency Control and Timing Applications - A Tutorial



http://rubiola.org/



The Stable32 program for frequency stability analysis is 
freely available from the IEEE UFFC-S

http://www.stable32.com/

Stable32



https://github.com/IEEE-UFFC/stable32

Stable32



Linewidth

Linewidth specification < <1 kHz@120us



Simple approach to the relation 
between laser frequency noise and 

laser line shape

Appl. Opt. 49, 4801(2010)



<질문하나>

선폭이 1 MHz인 레이저의 선폭을 줄이려면
feedback servo의 control bandwidth는
최소한 얼마라야 할까?

1. 100 kHz
2. 570 kHz
3. 1 MHz
4. 3 MHz

선폭

주파수 잡음



Linewidth, drift, and measurement time
 Processes faster than the measurement time broaden the spectrum or the 
linewidth of the laser.

 Processes slower than the measurement time cause the spectrum drift 
between measurements.

 Typical measurement time lie between us and s.



Linewidth vs. Frequency Noise Spectum

 Simple parameter
 Optical line shape
 Time scale should be given
 By heterodyning with an 
independent laser source
 By self-homodyne/heterodyne 
interferometry using a long delay 
line

<Linewidth> <Freq. Noise Spectral Density> 

 More complete information
 Spectrum of laser freq. fluctuation
 By using a frequency discriminator

ES δνS

))](2(exp[)( 00 ttiEtE φπν +=

<(FNSD)> 



Linewidth derivation from FNSD
))](2(exp[)( 00 ttiEtE φπν +=

dt
tdt

π
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2
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 Laser light field;

 FNSD;

 Frequency;

 Autocorrelation function;
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Linewidth derivation from FNSD
<in case of pure white frequency noise> 

Analytic solution exists.

0)( hfS =δν

; Lorentzian with FWHM = 0hπ

<Example>



Linewidth derivation from FNSD
<in case of Low-Pass filtered white frequency noise> 

 Analytic solution exists in the two extreme conditions 

 Numerical evaluation is required otherwise.



Linewidth derivation from FNSD
<in case of Low-Pass filtered white frequency noise> 



Linewidth derivation from FNSD
<in case of Low-Pass filtered white frequency noise> 



Simple Formula to Estimate the Laser Linewidth
<in case of arbitrary frequency noise> 

Cf. recall Gaussian line shape

25.0][)]([78.1/)( −== fLogfSLogorffS δνδν



Linewidth estimation from FNSD
<in case of pure flicker frequency noise> 

the linewidth is a function of the  observation time To



Application to laser linewidth reduction

 Notice that this simplified noise model may also result from a laser 
showing initial flicker noise in free-running mode if the servo loop 
contains an integral part that reduces the flicker noise at low frequencies.



Application to laser linewidth reduction



two sidebands appear outside of the servo bandwidth, i.e., at 
δν > f b, while the central part strongly narrows and becomes 
Lorentzian. Because of this radical change of line shape, the 
different linewidths at half-maximum are not similar in this range,
and comparison with the Gaussian linewidth approximation Eqs. 
(9) and (10) loses its significance, which explains the observed 
discrepancy.

Application to laser linewidth reduction



Application to laser linewidth reduction



선폭이 1 MHz인 레이저의 선폭을 줄이려면
feedback servo의 control bandwidth는
최소한 얼마라야 할까?

1. 100 kHz
2. 570 kHz
3. 1 MHz
4. 3 MHz

선폭

주파수 잡음

bbb
b

b hhhhf ππ
π

π 57.0)(78.178.1
)2ln(8

2
min ====

25.0][)]([78.1/)( −== fLogfSLogorffS δνδν
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