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Overview

How to calculate optical response in 

atomic and laser spectroscopy using 

density matrix equations?

Light

- classical

- not strong

- 1 or 2 frequencies

Atoms

- dilute vapor cell or cold atoms

- 2, 3, or multilevel

1. What is susceptibility, absorption, 

dispersion, and cross section ?

2. How to calculate internal 

states of atoms ?

- Solving density matrix equations

3. How to calculate spectra ?

- Open system (temporal or transit relaxation)  

- Doppler averaging

-Transmission

-Polarization rotation

-Four-wave mixing 

-Method: Analytically or Numerically

-Transitions: Closed or Open

-Polarization
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Two Level Atoms
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Two-level atoms

- closed transition    

- one laser frequency
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When elastic collisions dephase the atomic dipole

'
2

 


 0 1 cos ( ) 'ge ge L ee gg gei i t           

In a dilute atomic vapor               and0  '
2








Relaxation Times and Rotating Wave Approx.
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Rotating wave approximation:

Neglecting non-resonant terms
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Optical Bloch Equations

Transformation with slowly-varying variables
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Optical Bloch Equations

Optical Bloch Equations Analytic solution

(Torrey’s solution)
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     Steady-state values

H. C. Torrey, Phys. Rev. 76, 1059 (1949).



Steady State Solutions

Steady-State Regime
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Saturation parameter on resonance 0 
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Saturation intensity
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Photon Absorption

0 cos LdW qE t dr 

Work done an atomic electron by 

the driving fields
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Mean number of photons absorbed 
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Classical Cross Section

Lorentz oscillator model
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Classical decay rate

Mean energy radiated per unit time
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Incident flux
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Classical Cross Section

Near resonance
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a Scattering rate=Incident flux × Area

Area → Cross section
2a 

Classical particles

Atoms (classical model 

Near resonance)
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Scattered photon energy per unit time

=incident irradiance ×cross section
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Classical 

Cross section

At the saturation intensity, the energy of just one 

photon flows through the resonant absorption cross 

section during the transverse coherence time



Rate Equation Approximation

Adiabatic elimination of coherences 

Transformation of optical Bloch equations into Rate Equations

Coherences evolve much more rapidly than the populations

When elastic collisions dephase the atomic dipole
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Susceptibility

Tr( ) ( )

       ( )

       2 ( cos sin )

       2 Re ( )

       2 Re

L L

ge ge eg

i t i t

ge ge eg

ge L L

i t

ge

i t

ge eg

d d d

d e e

d u t v t

d u iv e

d e

 





  

 

 









  

 

 

   

   

0/ /ged E

Polarization

0 0

2 Re

                 Re

i t

ge eg

i t

N N
P d d e

V V

E e







 





    

   

susceptibility

1 
d E

  

2
20

3

0

1
 

3
egd

c




 

0 0 0 1

2

0 1

3

03

0 1 0

3 3
3

2

1 1

2 2
 

2
        

2
         = 3

2 3
        3

2 4

eg eg eg

eg

d d d

E

d

c

c
c

 




 

 


 

 


 







  
    

  

0 0

2 eg

eg

dN

V E
 


 

3

2

1

3

4
eg

N

V


 




 





Susceptibility

susceptibility

3

2 2

1 3 2
' 1 Re( ) 1

2 4 1 ( ) (2 )s

N
n

V I I

 


 


   

  

2

2

3 1
Im( )

2 1 ( ) (2 )s

N N
k

V I I V


  

 
  

  

3 3

st st2 2

1 1

3

2 2 2 2

1

3 3
( )

4 4

3 2   
4 2 ( 4) ( 2)

eg

L

L

N N
u iv

V V

i
N

V

 
 

 




 

 
    

 





 

   

Refractive index

Absorption coefficient



Contents

• Two-Level Atoms

- One field (Optical Bloch equations)

- One field (Linear absorption)

- One field (Analytical solutions to Optical Bloch equations)

- Two fields (Susceptibility)

- Two fields (Polarization spectroscopy for the Fg=0→Fe=1 transition)

• Multi-Level Atoms

- Density matrix equations

- Electromagnetically induced transparency and absorption

- Wave mixing and rate equations

- Elliptic polarization and arbitrary quantization axis



Maxwell Boltzmann Distribution

Maxwell-Boltzmann velocity distribution
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Doppler Effects

In the rest frame of an atom moving at v

The frequency experienced by the atom   k v   

Detuning
0 0  k v k v             

Longitudinal velocity ˆk kzzv

Doppler averaging over MB distribution
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Analytical Solutions to OBEs

 Torrey’s solution
H. C. Torrey, Phys. Rev. 76, 1059 (1949).

 Analytic Solutions to the Optical Bloch Equations
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H. R. Noh, W. Jhe, Opt. Commun. 283, 2353 (2010).



Optical Bloch Equations

Optical Bloch Equations
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Two Fields: Susceptibility for Two-level Atoms

- Accurate analytical formula for susceptibility

for Doppler-broadened two-level atoms

- Weak probe beam and arbitrary pump beam

- Hole-burning and coherence contributions

- Doppler-broadened limit

H. R. Noh, J. Opt. Soc. Am. B 33, 308 (2016). SAS

H. R. Noh, J. Opt. Soc. Am. B 33, 1523 (2016). PS

Two-level atoms: two laser frequencies
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Density Matrix Equations
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Calculation of Oscillation Frequencies

Involving frequencies relative to : ,0d

Involving frequencies: 1 2, 

Emission process: {0, }d

Absorption process: {0, }d
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Calculation of Oscillation Frequencies
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Density Matrix Elements

Considering up to three photon interactions
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b

a

p pc

p
k

c
k FWM2

p
k

2 p ck k

b

a

c cp

p
k

c
k

FWM12 c pk k

c
k

3 3( ) di t
r is e




2

4 4( ) di t
r is e




2 12 

1 22 



Four Wave Mixing

A. S. Alvarez et al., J. Phys. B: At. Mol. Opt. Phys. 54, 045403 (2021).



Density Matrix Equations
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Doppler Averaged Susceptibility
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Elliptic Polarization
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Polarization Spectroscopy

The signal of PS:
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the two orthogonal linear 

components of the probe beam 

along the x and y axes.
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Polarization Spectroscopy

The PS signal The hole-burning term

H. R. Noh, J. Opt. Soc. Am. B 33, 1523 (2016).
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Atomic Hamiltonian
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When the coherences between the 

magnetic sublevels of the ground or 

excited states can be neglected

Density matrix equations
→  Rate equations
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Two Fields

EIT and EIA

Electromagnetically Induced Transparency 

and Electromagnetically Induced  Absorption



Electromagnetically Induced Transparency

• Electromagnetically Induced Transparency

Probe
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Electromagnetically Induced Transparency

Increase of probe transmission

due to quantum interference
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When the intensities are not weak,

there occur multiphoton processes

K. J. Boller, et al., Phys. Rev. Lett. 66, 2593 (1991).
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Electromagnetically Induced Absorption (EIA)

Fg=3→Fe=4 transition of 85Rb-D2 line
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CPO and TOC
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Electromagnetically Induced Absorption

Energy Level Diagram Polarization Schemes

0: coupling beam frequency

d: probe beam frequency
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85Rb D2 Line Fg=3 → Fe=4 transition
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Polarization Scheme
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Oscillation Frequencies

Involving frequencies relative to 2: ,0d

Involving frequencies: 1 2,  (Probe, coupling)
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Absorption Coefficient

Absorption coefficient for a probe beam
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1. Establish differential equations for each 

component of the density matrix elements.

2. Calculate (2) as a function of , v in the steady-state regime.
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• Two-Level Atoms

- One field (Optical Bloch equations)

- One field (Linear absorption)

- One field (Analytical solutions to Optical Bloch equations)

- Two fields (Susceptibility)

- Two fields (Polarization spectroscopy for the Fg=0→Fe=1 transition)

• Multi-Level Atoms

- Density matrix equations

- Electromagnetically induced transparency and absorption

- Wave mixing and rate equations

- Elliptic polarization and arbitrary quantization axis



Wave-Mixing and Rate Equations

- Polarization rotation and transmission spectroscopy where the co-

propagating probe and coupling beams are linearly and circularly 

polarized, respectively. 

- Calculating the spectra using three methods:

(i) calculations using density matrix equations with wave-mixing 

(ii) calculations using density matrix equations without wave-mixing 

(iii) calculations using the rate equations. 
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Density Matrix Equations

Probe (Coupling) Rabi 

Frequency:
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Calculations

(i) Calculations using density matrix

equations with wave-mixing 
(ii) Calculations using density matrix

equations without wave-mixing 

Optical coherences

Zeeman coherences

Populations

Optical coherences

Zeeman coherences

Populations

(iii) calculations using the rate equations
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Calculated Spectra

Polarization rotation spectra at (a) 1/2=1.3 MHz and (b) 1/2=2.6 MHz. 

The Rabi frequency of the coupling beam is 2/2=13 MHz.

Rotation angle

Transmission
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Elliptic Polarization and Arbitrary Quantization Axis
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Hamiltonian

85Rb D2 Line Fg=3 → Fe=4 transition
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Absorption Coefficient



Conclusions

• Two-Level Atoms

- One field (Optical Bloch equations)

- One field (Linear absorption)

- One field (Analytical solutions to Optical Bloch equations)

- Two fields (Susceptibility)

- Two fields (Polarization spectroscopy for the Fg=0→Fe=1 transition)

• Multi-Level Atoms

- Density matrix equations

- Electromagnetically induced transparency and absorption

- Wave mixing and rate equations

- Elliptic polarization and arbitrary quantization axis
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