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Spectroscopy and atomic structure

Energy level symbol

Transition energy(wavelength)

Transition probability

Selection rules

Life time

Atomic ion trap

⋮

?

Buffer gas (6Li) cooling of a trapped ion (171Yb+ ) to the quantum regime



Spectroscopy and atomic structure
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Schrödinger equation
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Wavefunction

𝝋𝒊 𝒓𝒊 =
1

𝑟
𝑃𝑛𝑖𝑙𝑖 𝑟𝑖 ∙ 𝑌𝑙𝑖𝑚𝑙𝑖

𝜃𝑖 , ∅𝑖 ∙ 𝜎𝑚𝑠𝑖
𝑠𝑖𝑧

One-electron wavefunction

−
𝑑2

𝑑𝑟2
+
𝑙 𝑙 + 1

𝑟2
−
2𝑍

𝑟
𝑃𝑛𝑙 𝑟 = E𝑃𝑛𝑙 𝑟

𝑃𝑛𝑙 𝑟 = −
𝑍 𝑛 − 𝑙 − 1 !

𝑛2 𝑛 + 𝑙 ! 3

1
2

𝜌𝑙+1𝑒−
𝜌
2𝐿𝑛+𝑙

2𝑙+1 𝜌 , 𝜌 =
2𝑍𝑟

𝑛

𝐿𝑛+𝑙
2𝑙+1 𝜌 = − 𝑛 + 𝑙 ! 2 

𝑘=0

𝑛−𝑙−1
−𝜌 𝑘

𝑘! 𝑛 − 𝑙 − 1 − 𝑘 ! 2𝑙 + 1 + 𝑘 !

Radial wavefunction

: 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑒𝑑
𝐿𝑎𝑔𝑢𝑒𝑟𝑟𝑒 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙

Angular momentum operators and eigenvalues/angular wavefunctions

𝑳 = 𝒓 × 𝒑 = −𝒊ℏ𝒓 × 𝛻 𝑳𝟐Ψ = 𝑙 𝑙 + 1 ℏ2Ψ

𝑳𝒛Ψ = 𝑚𝑙ℏΨ

𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑒𝑑
𝐿𝑒𝑔𝑒𝑛𝑑𝑟𝑒 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙

𝛹 = 𝑌𝑙𝑚 𝜃, ∅ = −1 𝑚+ 𝑚 /2
2𝑙 + 1 𝑙 − 𝑚 !

4𝜋 𝑙 + 𝑚 !

1/2

𝑃𝑙
𝑚 𝑐𝑜𝑠 𝜃 𝑒𝑖𝑚∅

𝑌𝑙𝑚 𝑌𝑙′𝑚′ ≡ න
0

2𝜋

න
0

𝜋

𝑌𝑙𝑚
∗ 𝑌𝑙′𝑚′ sin 𝜃 𝑑𝜃𝑑∅ = 𝛿𝑙𝑙′𝛿𝑚𝑚′



Wavefunction

Electron spin

𝜎𝑚𝑠
𝑠𝑧 = 𝛿𝑚𝑠𝑠𝑧 (𝑚𝑠 = − Τ1 2 𝑜𝑟 Τ1 2) , 𝜎𝑚𝑠

𝑠𝑧 𝜎𝑚𝑠
′ 𝑠𝑧 = 𝛿𝑚𝑠𝑚𝑠

′

Orthonormalization 𝑌𝑙𝑚𝑙
𝜎𝑚𝑠

𝑌𝑙′𝑚𝑙′𝜎𝑚𝑠′ = 𝛿𝑙𝑙′𝛿𝑚𝑙𝑚𝑙′𝛿𝑚𝑠𝑚𝑠′

Product wavefunctions for N-electrons

න
0

∞

𝑃𝑛𝑙 𝑟 𝑃𝑛′𝑙′ 𝑟 𝑑𝑟 = 𝛿𝑛𝑛′

𝜑𝑛𝑙𝑚𝑙𝑚𝑠
𝜑𝑛′𝑙′𝑚𝑙′𝑚𝑠

′ = 𝛿𝑛𝑛′𝛿𝑙𝑙′𝛿𝑚𝑙𝑚𝑙′𝛿𝑚𝑠𝑚𝑠′

Φ = 𝝋𝟏 𝒓𝟏 𝝋𝟐 𝒓𝟐 𝝋𝟑 𝒓𝟑 ⋯𝝋𝑵 𝒓𝑵

Φ𝑐 = 𝝋𝟏 𝒓𝟏 𝝋𝟐 𝒓𝟐 𝝋𝟑 𝒓𝟑 ⋯𝝋𝑵 𝒓𝑵 Φ𝑑 = 𝝋𝟏 𝒓𝟐 𝝋𝟐 𝒓𝟏 𝝋𝟑 𝒓𝟑 ⋯𝝋𝑵 𝒓𝑵

When two electrons are interchanged the probability should be unchanged. 

Φ𝑑
2 = Φ𝑐

2 Φ𝑑 = 𝑘Φ𝑐 , 𝑘 2= 1,Φ𝑐 = 𝑘Φ𝑑 = 𝑘2Φ𝑐, 𝑎𝑛𝑑 𝑘 = ±1

It is a fundamental postulate of quantum mechanics that Φ be antisymmetric
upon interchange of two electrons so that  Φ𝑑 = −Φ𝑐

Φ = 𝑁!−1/2

𝑝

−1 𝑝𝝋𝟏 𝒓𝟏 𝝋𝟐 𝒓𝟐 𝝋𝟑 𝒓𝟑 ⋯𝝋𝑵 𝒓𝑵



Wavefunction

Properties of the antisymetrized wavefunction

Φ =
1

𝑁!1/2

𝝋𝟏 𝒓𝟏 𝝋𝟏 𝒓𝟐 𝝋𝟏 𝒓𝟑 ⋯

𝝋𝟐 𝒓𝟏 𝝋𝟐 𝒓𝟐 𝝋𝟐 𝒓𝟑 ⋯

𝝋𝟑 𝒓𝟏 𝝋𝟑 𝒓𝟐 𝝋𝟑 𝒓𝟐 ⋯
⋮

Referred to as a determinantial function
or Slater determinant (simpler for actual
calculation)

(1) Interchanging the coordinates of two electrons is equivalent to interchanging
two columns of the determinant; changes its sign.
(2) If two orbitals have the same quantum numbers, then two rows are identical;
the determinant is zero. → Pauli exclusion principle
(3) If two electrons have the same coordinates, then two columns are identical;
the determinant is zero

Φ Φ′ = 𝑁! −1

𝑝



𝑝′

−1 𝑝+𝑝′ 𝝋𝟏 𝒓𝟏 𝝋𝟐 𝒓𝟐 ⋯ 𝝋′𝟏 𝒓′𝟏 𝝋′𝟐 𝒓′𝟐 ⋯

= 𝑁! −1σ𝑝 −1 2𝑝𝛿ΦΦ′ = 𝛿ΦΦ′



Angular momentum properties

Orbital angular momentum :

Spin angular momentum :

Total angular momentum :

𝑳𝟐Ψ = 𝑙 𝑙 + 1 ℏ2Ψ, 𝑙 = 0,1,2,3,⋯

𝑳𝒛Ψ = 𝑚𝑙ℏΨ 𝑚𝑙 = −𝑙, − 𝑙 − 1 ,⋯ , 𝑙 − 1 , 𝑙

Orbital quantum number

Magnetic quantum number

Spin quantum number

Spin projection quantum number

𝑺𝟐Ψ = 𝑠 𝑠 + 1 ℏ2Ψ, 𝑠 = 0, Τ1 2 , 1, Τ3 2⋯

𝑺𝒛Ψ = 𝑚𝑠ℏΨ 𝑚𝑠 = −𝑠,− 𝑠 − 1 ,⋯ , 𝑠 − 1 , 𝑠

𝑱𝒛Ψ = 𝑚𝑗ℏΨ 𝑚𝑗 = −𝑗, − 𝑗 − 1 ,⋯ , 𝑗 − 1 , 𝑗

𝑱𝟐Ψ = 𝑗 𝑗 + 1 ℏ2Ψ, 𝑗 = 0, Τ1 2 , 1, Τ3 2⋯

Total angular momentum 
quantum number

Total angular momentum 
projection quantum number



Angular momentum properties

Addition of two general angular momenta :

𝑱 = 𝑱𝟏 + 𝑱𝟐 𝑗1 − 𝑗2 ≤ 𝑗 ≤ 𝑗1 + 𝑗2 Triangular inequality

Clebsch-Gordon coefficients 

Ψ𝑗1𝑗2𝑗𝑚 = 

𝑚1=−𝑗1

𝑗1



𝑚2=−𝑗2

𝑗2

𝐶 𝑗1𝑗2𝑚1𝑚2; 𝑗𝑚 Ψ𝑗1𝑚1
Ψ𝑗2𝑚2

= σ𝑚1
𝐶 𝑗1𝑗2𝑚1𝑚−𝑚1; 𝑗𝑚 Ψ𝑗1𝑚1

Ψ𝑗2𝑚−𝑚1

𝑱𝟏𝒛 + 𝑱𝟐𝒛 Ψ𝑗1𝑚1
Ψ𝑗2𝑚2

= 𝑚1 +𝑚2 ℏΨ𝑗1𝑚1
Ψ𝑗2𝑚2



Angular momentum properties

Parity

𝑱 =

𝑖=1

𝑁

𝒍𝒊 + 𝒔𝒊

Notation of angular momentum states for N electrons system

𝑳 = σ𝑖=1
𝑁 𝒍𝒊 , 𝑺 = σ𝑖=1

𝑁 𝒔𝒊 → 𝑱 = 𝑳 + 𝑺
LS or Russell-Saunders 
coupling scheme

LS term state , 2s+1 multiplicity and J level symbol   
2S+1LJ

𝐻 𝒓𝒊, 𝒑𝒊, 𝒍𝒊, 𝒔𝒊 𝛹 𝒓𝒊, 𝒔𝒊 = 𝐸𝛹 𝒓𝒊, 𝒔𝒊

𝒓𝒊 → −𝒓𝒊, 𝒑𝒊 = −𝒊ℏ𝛁 = − 𝒑𝒊

𝐻 −𝒓𝒊, −𝒑𝒊, 𝒍𝒊, 𝒔𝒊 𝛹 −𝒓𝒊, 𝒔𝒊 = 𝐸𝛹 −𝒓𝒊, 𝒔𝒊

𝑳 = 𝒓 × 𝒑 = −𝒊ℏ𝒓 × 𝛻

𝛹 −𝒓𝒊, 𝒔𝒊 = 𝑐𝛹 𝒓𝒊, 𝒔𝒊

𝛹 𝒓𝒊, 𝒔𝒊 = 𝑐𝛹 −𝒓𝒊, 𝒔𝒊 = 𝑐𝟐𝛹 𝒓𝒊, 𝒔𝒊 → 𝑐 = ±1

ෑ

𝑖=1

𝑁

𝑅(𝑟𝑖) ∙ 𝑌𝑙𝑖𝑚𝑖
𝜋 − 𝜃𝑖 , 𝜋 + ∅𝑖 ∙ 𝜎𝑚𝑠𝑖

(𝑠𝑖𝑧) = −1 σ 𝑙𝑖ෑ

𝑖=1

𝑁

𝑅(𝑟𝑖) ∙ 𝑌𝑙𝑖𝑚𝑖
𝜃𝑖 , ∅𝑖 ∙ 𝜎𝑚𝑠𝑖

(𝑠𝑖𝑧)

𝑝 = −1 σ 𝑙𝑖 2𝑆 + 1𝐿𝐽
°

+1=even, -1=odd

for p = -1 odd terms



Angular momentum properties

𝑇 = Ψ Ο Ψ′ ≡ම
−∞

∞

Ψ∗(𝒓𝑖)Ο(𝒓𝑖)Ψ
′(𝒓𝑖)𝑑𝑥𝑖𝑑𝑦𝑖𝑑𝑧𝑖 ≠ 0

Parity and angular momentum selection rules

𝒓𝒊 → −𝒓𝒊 = ම
−∞

∞

Ψ∗(−𝒓𝑖)Ο(−𝒓𝑖)Ψ
′(−𝒓𝑖)(−𝑑𝑥𝑖)(−𝑑𝑦𝑖)(−𝑑𝑧𝑖)

= −1 𝑝+𝑝𝑜+𝑝
′
ම

−∞

∞

Ψ∗(𝒓𝑖)Ο(𝒓𝑖)Ψ
′(𝒓𝑖)𝑑𝑥𝑖𝑑𝑦𝑖𝑑𝑧𝑖

𝑝 + 𝑝𝑜 + 𝑝′ must be even!

: 𝐸𝑙𝑒𝑐𝑡𝑟𝑖𝑐 𝑑𝑖𝑝𝑜𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟 involved
in the calculation of radiative transitions

Ο 𝒓𝑖 = 𝑫𝒆 ≡ −𝑒 𝒓𝒊

𝐽′ = 𝐽 + 1, 𝐽, 𝑜𝑟 𝐽′ = 𝐽 − 1 (𝐽′ = 𝐽 = 0 𝑛𝑜𝑡 𝑎𝑙𝑙𝑜𝑤𝑒𝑑)

𝐿′ = 𝐿 + 1, 𝐿, 𝑜𝑟 𝐿′ = 𝐿 − 1 (𝐿′ = 𝐿 = 0 𝑛𝑜𝑡 𝑎𝑙𝑙𝑜𝑤𝑒𝑑)

𝑆′ = 𝑆

For LS-coupled functions

due to the properties of spherical
harmonics in the calculation of

radiative transitions and
orthonormality conditions

𝑌𝑙𝑚𝑙
𝜎𝑚𝑠

𝑌𝑙′𝑚𝑙′𝜎𝑚𝑠′ =

𝛿𝑙𝑙′𝛿𝑚𝑙𝑚𝑙′𝛿𝑚𝑠𝑚𝑠′



Complex atoms

Electron configurations

𝑛1𝑙1
𝑤1 𝑛2𝑙2

𝑤2⋯ 𝑛𝑞𝑙𝑞
𝑤𝑞
, σ𝑗=1

𝑞
𝑤𝑞 = 𝑁

A set of equivalent electrons with same 𝒏𝒍 values : a subshell 𝑛𝑙 𝑤

A shell of all possible subshells with given 𝒏 ∶ 𝐊 𝒏 = 𝟏 , 𝐋 𝒏 = 𝟐 ,𝐌 𝒏 = 𝟑 ,𝐍(𝒏 = 𝟒)

A subshell occupied by the maximum number of electrons: filled or closed subshell



𝑚𝑙=−𝑙

𝑙

2 = 2 2𝑙 + 1 = 4𝑙 + 2 𝑏𝑦 𝑷𝒂𝒖𝒍𝒊 𝒆𝒙𝒄𝒍𝒖𝒔𝒊𝒐𝒏 𝒑𝒓𝒊𝒏𝒄𝒊𝒑𝒍𝒆← 𝑚𝑠 = + Τ1 2 , 𝑜𝑟 − Τ1 2

𝒍 0 1 2 3 4

Half-filled subshell 𝑠1 𝑝3 𝑑5 𝑓7 𝑔9

Closed subshell 𝑠2 𝑝6 𝑑10 𝑓14 𝑔18

For any filled or closed subshell k 𝑳𝒌 = 𝑺𝒌= 𝑱𝒌 = 0 , and commonly omitted from 

the configuration notation for example 

Ne I 1𝑠22𝑠22𝑝53𝑠 → 2𝑝53𝑠



Complex atoms

jj coupling cases : With increasing Z, the spin-orbit interactions become much 
stronger than the Coulomb terms 

𝒍𝑖 + 𝒔𝑖 = 𝒋𝒊

LS coupling cases : The electrostatic interactions between electrons are much 
stronger than the interaction between the spin of an electron and its own orbital 
motion  

𝑳 = 𝑳𝟏 + 𝑳𝟐 + 𝑳𝟑 +⋯

Several open subshells eg. C I  : 1s22s22p3

𝑺 = 𝑺𝟏 + 𝑺𝟐 + 𝑺𝟑 +⋯

𝑱 = 𝑳 + 𝑺

Parent, daughter, 
granddaughter terms of final 
term

𝒋1 + 𝒋2 = 𝑱𝟐

𝑱𝟐 + 𝒋𝟑 = 𝑱𝟑

⋮

𝑱𝑵−𝟏 + 𝒋𝑵 = 𝑱𝑵

𝑗1, 𝑗2 𝐽
2S+1LJnotation vs. LS coupling notation

Intermediate coupling cases : When neither the Coulomb nor the spin-orbit 
Interaction is small compared with the other, the Hamiltonian matrix is not even
approximately diagonal in either the jj- or LS coupling representation. 



Complex atoms

Problem : List the allowed terms and levels for p2 equivalent electrons in 
LS and jj coupling schemes

LS jj

𝑗1 𝑚1 𝑗2 𝑚2 𝑀 𝐽

1S, 3S,1P, 3P,1D,3D→ 1S, 3P, 1D by Pauli exclusion principal 



Complex atoms

Statistical weight : The atom must be considered to exist in any given stationary
quantum state with the same a priori probability as for any other quantum state.  

For any given energy level, the number of quantum states is equal to the
number of possible values of 𝑀(= −𝐽,−𝐽 + 1,⋯ , 𝐽 − 1, 𝐽). Thus the 
statistical weight of a level 

Pair coupling conditions : Energy levels tend to appear in pairs and the energy
depends only slightly on the spin s of the excited electron;    

jK coupling LK (or Ls) coupling 

𝒍1 + 𝒔1 = 𝒋𝟏

𝒋1 + 𝒍2 = 𝑲

𝐾 + 𝒔2 = 𝑱

𝒍1 + 𝒍2 = 𝑳

𝑳 + 𝑠1 = 𝑲

𝑲+ 𝑠2 = 𝑱

notation notation

𝑗1 𝐾 𝐽
𝐿 𝐾 𝐽

𝑔 = 2𝐽 + 1

The total statistical weight of any group of closely−spaced levels :

𝑔 = 

𝐽= 𝑗1−𝑗2

𝑗1+𝑗2

2𝐽 + 1 = 2𝑗1 + 1 2𝑗2 + 1
For LS coupling, 𝑗1 → 𝐿, 𝑗2 → 𝑆

and jK coupling, 𝑗1 → 𝐾, 𝑗2 →s=2



The 3n-j symbols

The Wigner 3n-j symbols, or their close relatives the Clebsch-Gordon and Racah
coefficients are practically indispensable for quantitative calculations of atomic
structure and spectra. 

𝐶 𝑗1𝑗2𝑚1𝑚2; 𝑗3𝑚3



The 3n-j symbols

𝑗1 𝑗2 𝑗3
𝑚1 𝑚2 𝑚3

≡ 𝛿𝑚1+𝑚2+𝑚3,0 −1 𝑗1−𝑗2−𝑚3

× ∆ 𝑗1𝑗2𝑗3 𝑗1 +𝑚1 ! 𝑗1 −𝑚1 ! 𝑗2 +𝑚2 ! 𝑗2 −𝑚2 ! 𝑗3 +𝑚3 ! 𝑗3 −𝑚3 !

×
𝑘

−1 𝑘

𝑥

𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒 𝑐𝑜𝑒𝑓𝑓. ∆ 𝑗1𝑗2𝑗3 =
𝑗1 + 𝑗2 − 𝑗3 ! 𝑗1 − 𝑗2 + 𝑗3 ! −𝑗1 + 𝑗2 + 𝑗3 !

𝑗1 + 𝑗2 + 𝑗3 + 1 !

𝑥 = 𝑘! 𝑗3 − 𝑗2 + 𝑘 +𝑚1 ! 𝑗3 − 𝑗1 + 𝑘 −𝑚2 ! 𝑗1 + 𝑗2 − 𝑗3 − 𝑘 !
× 𝑗1 − 𝑘 −𝑚1 ! 𝑗2 − 𝑘 +𝑚2 !

The Wigner 3j symbols is zero unless all these conditions are satisfied 

𝑗𝑖 ≥ 𝑚𝑖 ≥ 0 (𝑒𝑎𝑐ℎ 𝑖)

𝑗1 + 𝑗2 + 𝑗3 even and 𝑗1 − 𝑗2 −𝑚3 must be integer

𝑗1 − 𝑗2 ≤ 𝑗3 ≤ 𝑗1 + 𝑗2 ∶ 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛𝑠

𝑚𝑎𝑥 0, 𝑗2 − 𝑗3 −𝑚1, 𝑗1 − 𝑗3 +𝑚2 ≤ 𝑘 ≤ 𝑚𝑖𝑛 𝑗1 + 𝑗2 − 𝑗3, 𝑗1 −𝑚1, 𝑗2 +𝑚2



The 3n-j symbols

The Wigner 6-j symbols

The Wigner 9-j symbols

×



The tensor operator

What is tensor?
A tensor of type (p, q) is 

an assignment of a 
multidimensional array

Wigner-Eckart Theorem

𝑇𝑞
(𝑘)

= 𝑌𝑙=𝑘
𝑚=𝑞

𝒓 , q = −𝑘,−𝑘 + 1,⋯ , 𝑘 − 1, 𝑘

𝑇(𝑘) : irreducible tensor operator, 𝑇𝑞
(𝑘)

= 𝐴𝑘 𝑟 𝑌𝑘𝑞 𝜃, ∅ ,

Normalized spherical harmonic 𝐶𝑞
(𝑘)

𝜃, ∅ ≡ Τ4𝜋 2𝑘 + 1 1/2𝑌𝑘𝑞 𝜃, ∅



The tensor operator

Problem : Show that 

𝑚𝑚′

𝑗𝑚 𝑇0
(𝑘)

𝑗𝑚′
is zero if 𝑘 is nonzero, with the aid of



𝑚

−1 𝑗−𝑚 𝑗 𝑗 𝑗3
𝑚 −𝑚 0

= 𝛿𝑗30 𝑗
1/2

𝑗𝑚 𝑇𝑞
(𝑘)

𝑗′𝑚′ = 𝑗 −1/2𝐶 𝑗′𝑘𝑚′𝑞; 𝑗𝑚 𝑗 𝑇(𝑘) 𝑗′ = −1 −𝑗′+𝑘−𝑚 𝑗′ 𝑘 𝑗

𝑚′ 𝑞 −𝑚
𝑗 𝑇(𝑘) 𝑗′

= −1 𝑗−𝑚 𝑗 𝑘 𝑗′

−𝑚 𝑞 𝑚′ 𝑗 𝑇(𝑘) 𝑗′

𝑗 ≡ 2𝑗 + 1

𝐶 𝑗1𝑗2𝑚1𝑚2; 𝑗𝑚 = −1 𝑗1−𝑗2+𝑚 𝑗 1/2 𝑗1 𝑗2 𝑗
𝑚1 𝑚2 −𝑚

For example of 𝐶0
(0)

= 1 𝑗𝑚 𝐶0
(0)

𝑗′𝑚′ = 𝑗𝑚 𝑗′𝑚′ = 𝛿𝑗𝑚,𝑗′𝑚′

−1 𝑗−𝑚 𝑗 0 𝑗

−𝑚 0 𝑚′ = 𝛿𝑚𝑚′ 𝑗 −1/2

and thus 𝑗 𝐶(0) 𝑗′ = 𝛿𝑗𝑗′ 𝑗
1/2



Radial wave equations

Hartree-Fock method : Self-consistent-field (SCF) iterative method for the 
electron potentials and the electronic wavefunctions

𝐻 =

𝑖=1

𝑁

−𝛻2 −
2𝑍

𝑟𝑖
+

𝑗≠𝑖

2

𝑟𝑖𝑗

𝐻0 𝐻1

Ψ 𝐻0 Ψ =

𝑘

𝜓𝑘(𝑖) 𝐻0 𝜓𝑘(𝑖) =

𝑘

𝐼𝑘

Ψ 𝐻1 Ψ

= 

𝑘,𝑙≠𝑘

𝜓𝑘(𝑖)𝜓𝑙(𝑗)
2
𝑟𝑖𝑗

𝜓𝑘(𝑖)𝜓𝑙(𝑗) − 𝜓𝑘(𝑖)𝜓𝑙(𝑗)
2
𝑟𝑖𝑗

𝜓𝑘(𝑖)𝜓𝑙(𝑗)

𝐽𝑘𝑙 : 𝑑𝑖𝑟𝑒𝑐𝑡 𝑡𝑒𝑟𝑚 𝐾𝑘𝑙 : 𝑒𝑥𝑐ℎ𝑎𝑛𝑔𝑒 𝑡𝑒𝑟𝑚

𝐸 Ψ = Ψ 𝐻 Ψ =

𝑖

𝐼𝑖 +
1

2


𝑖



𝑗

𝐽𝑖𝑗 − 𝐾𝑖𝑗 𝛿𝐸 −

𝑘

𝐸𝑘 𝛿 𝜓𝑘 𝜓𝑙 = 0 ∶

𝑣𝑎𝑟𝑖𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑎𝑙

−𝛻2 −
2𝑍

𝑟𝑖
𝜓𝑘 𝑖 + σ𝑙 𝜓𝑙

∗ 𝑗
2

𝑟𝑖𝑗
𝜓𝑙 𝑗 𝑑𝑗 𝜓𝑘 𝑖 - σ𝑙 𝜓𝑙

∗ 𝑗
2

𝑟𝑖𝑗
𝜓𝑘 𝑗 𝑑𝑗 𝜓𝑙 𝑖 = 𝐸𝑘𝜓𝑘

: Slater integral

𝑎𝑏 Τ1 𝑟𝑖𝑗 𝑐𝑑 ∝ 

𝑘=0

∞

𝑅𝑘 𝑎𝑏𝑐𝑑

𝑅𝑘 𝑎𝑏𝑐𝑑 = න
0

∞

𝑑𝑟න
0

∞

𝑑𝑠𝑃𝑎(𝑟)𝑃𝑏(𝑠)
𝑟<
𝑘

𝑟>
𝑘+1 𝑃𝑐(𝑟)𝑃𝑑(𝑠)



Configuration interaction

In general, all configurational 𝑠𝑡𝑎𝑡𝑒𝑠 Φ of the same total L and S or J and the
parity interact with one another. They are eigenvectors of the same
Hamiltonian. Therefore an accurate representation of the wavefunction of a
given state must generally consider the configuration interaction (CI) in
atomic structure calculations. So Ψ = σ𝜈 𝑏𝜈Φ𝜈 where 𝑏𝜈 is the configuration
mixing coefficients.

For the ground state of Be, Ψ Be = 𝑏1Φ(1𝑠
22𝑠2)+𝑏2Φ 1𝑠22𝑝2 +⋯

In solving Hartree-Fock equations, CI wavefunctions: the mixing
coefficients are obtained by the variational principle while keeping the
radial functions frozen. MCHF wavefunctions: the variational procedure
determines both the mixing coefficients and the radial functions.



External fields and nuclear effects

Landé g-factor

Zeeman effect



Isotope shift (IS)=Mass shift (MS)+Field shift (FS)

FS(Field Shift)

MS=Normal Mass shift (NMS)+Specific Mass (shift)

=

Isotope shift : Nuclear mass & size effect
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Isotope shift : Nuclear mass & size effect



Magnetic dipole interaction

Electric quadrapole interaction

Total hyperfine splitting

Hyperfine structure : Nuclear spin &
shape effect
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Hydrogen hyperfine splitting

Hyperfine structure : Nuclear spin & shape effect



Selection rules of radiative transitions

𝑇 = Ψ Ο Ψ′ ≡ම
−∞

∞

Ψ∗(𝒓𝑖)Ο(𝒓𝑖)Ψ
′(𝒓𝑖)𝑑𝑥𝑖𝑑𝑦𝑖𝑑𝑧𝑖 ≠ 0

출처 Wikipedia

Hyperfine splitting and selection rules : F = I + J has similar mathematical form
with J = L + S , and obeys similar selection rules as above table



Electric and magnetic multipole transitions

Lifetime τ of a level i

1

𝜏𝑖
=

𝑘

𝐴𝑖𝑘

Einstein’s A coefficient, the radiative transition rate from level j to i

𝐴𝑗𝑖 =
𝑔𝑖
𝑔𝑗

8𝜋𝜈𝑗𝑖
2

𝑐3
ℎ𝜈𝑗𝑖𝐵𝑖𝑗 ,



𝑙=0

∞

𝑖𝑙 2𝑙 + 1 𝑗𝑙(𝑘𝑟)𝑃𝑙(cos 𝜃)𝑒𝑖𝒌∙𝒓= 1 + 𝑖𝒌 ∙ 𝒓 +
𝑖𝒌∙𝒓 𝟐

2!
+⋯=

Dipole E1 Higher order M1, E2, …

𝐵𝑖𝑗 =
2𝜋

3

𝑐2𝑒2

ℎ2𝜈𝑗𝑖
2 𝑗

𝑝
𝑚𝑒𝑐

𝑒𝑖𝒌∙𝒓 𝑖
2

𝐴𝑗𝑖 =
𝑔𝑖
𝑔𝑗

4𝑒2𝜔𝑗𝑖
3

3ℏ𝑐3
𝑗 𝒓 𝑖 2 ( ൗ1 𝑠)

Dimensionless oscillator strength 𝑓𝑖𝑗 =
𝑔𝑗

𝑔𝑖

𝑚𝑒𝑐
3

2𝑒2𝜔2 𝐴𝑗𝑖, 𝑓𝑗𝑖 =
𝑔𝑖

𝑔𝑗
𝑓𝑖𝑗

𝑒

𝑚𝑒𝑐
𝑗 𝒑 𝑖 =

𝜔

𝑐
𝑖 𝑗 𝑫 𝑖 , 𝑫 = 𝑒𝒓



Collision 

A(q+1)+

Aq+

A(q-1)+

Collisional
(De)excitation Radiative Decays

Autoionization/
Dielectroninc Recombination

Direct Ionization/
3-Body-, Radiative 

Recombination

Atomic processes in plasma

Electron collisions



Cross section and rate coefficient

Target

Collimating
Slits

Incident Beam

Detector

q

2
= ),(f

d

)(d
q



q

Scattered wave function : ( )
r

e
,f

ikr

q

Differential Cross Section : 

Total Cross Section : ∫








4
= d)

d

d
(

Rate Coefficient :



Close coupling vs. DW approximations  

Ψ =

𝑖

𝑛𝑓

Φ𝑖 𝑥1, ⋯ , 𝑥𝑁
1

𝑟
𝐹𝑖 𝑟 +

𝑗

𝑛𝑏

𝜒𝑗(𝑥1, ⋯ , 𝑥𝑁+1)𝑐𝑗

e+atom/ion process, (N+1)-electron system 

𝐻𝑁+1Ψ𝐸 = 𝐸Ψ𝐸

𝐻𝑁+1 = 

𝑖=1

𝑁+1

−𝛻𝑖
2 −

2𝑍

𝑟𝑖
+ 

𝑗>𝑖

𝑁+1
2

𝑟𝑖𝑗

𝐸 = 𝐸𝑖 + 𝜖𝑖

𝑑2

𝑑𝑟2
−
𝑙 𝑙 + 1

𝑟2
+
2𝑍

𝑟
+ 𝑘𝑖

2 𝐹𝑖 𝑟

= 2

𝑗

𝑉𝑖𝑗(𝑟)𝐹𝑗 𝑟 + න
0

∞

𝑑𝑟′𝑊𝑖𝑗(𝑟, 𝑟
′)𝐹𝑗( 𝑟

′) +

𝑛𝑙

𝜆𝑖,𝑛𝑙𝑃𝑛𝑙(𝑟)𝛿𝑙,𝑙𝑖

Close coupling approximation

𝑑2

𝑑𝑟2
−
𝑙 𝑙 + 1

𝑟2
+
2𝑍

𝑟
+ 𝑘𝑖

2 𝐹𝑖 𝑟 = 0

Distorted wave approximation

Ψ = Φ𝑖 𝑥1, ⋯ , 𝑥𝑁
1

𝑟
𝐹𝑖 𝑟 : no channel coupling



Collision 

Cross section measurement

Max Flank Institute for Nuclear Physics, 
Germany (TSR, test storage ring) 

Lawrence Livermore National Laboratory, USA
(EBIT, electron beam ion trap)

Korea : Homemade UNIST EBIT, IBS EBIT(S) …



Atomic codes 

Nonrelativistic Hamiltonian :
MCHF (multi-configuration Hartree-Fock)
SUPERSTRUCTURE/AUTOSTRUCTURE
CIV3

HFR…

Relativistic Hamiltonian : 
MCDF(multi-configuration Dirac-Fock), 
GRASP/GRASP92
HULLAC, FAC codes…

R-MATRIX/BPRM/DARC …

Dirac Equation

FAC (Flexible Atomic Code) : M. F. Gu, Can. J. Phys 86 675 (2008) 

𝜅 = 𝑙 − 𝑗 2𝑗 + 1

Relativistic angular 
quantum  number





Hyperfine structure of Al

• Natural occurrence : 27Al(stable, ~100%), 

26Al(radioactive isotope, t1/2=7.2ⅹ105y, 

produced in the atmosphere by spallation with 

cosmic-ray protons)

• All other radioisotopes : t1/2 < 7 minutes

• 23Al : Proton-halo structure

• 31-33Al : Neutron-rich isotopes in the vicinity of 

island of inversion

• 26Al : Self-conjugate nucleus (N=Z)

Al (Z=13) isotopes (A = 22-43)



Al atomic energy levels

Upper
level

Lower
levels

Hyperfine splittings

Energy units

𝐸 = ℎ𝜈 = ℎ𝑐/𝜆

𝐸 𝑒𝑉 = 4.1357 × 10−6𝜈 𝐺𝐻𝑧
= 1.2398/𝜆(𝜇𝑚)



UV laser spectroscopy

394nm 396nm

Ref. Hongli Liu et al.,
UV laser spectroscopy
of Al atoms in hollow-
cathode lamp, J. Phys.
B 51 (2018) 225002



A and B hyperfine coupling constants



MCDF (Multi-configuration Dirac-Fock) 

calculation
Preliminary single configuration calculation with MCDF code

Level Energy (eV) (NIST DB) A(MHz) B(MHz)

3s23p 2P1/2 0 (0) 406.66

3s23p 2P3/2 0.01398 (0.01389) 80.47 14.98

3s24s 2S1/2 2.85552 (3.14272) 241.88

• Input parameters

Nuclear spin : I=5/2

Magnetic dipole moment : 𝜇𝐼 = 3.6415069𝜇𝑁
Electric quadrupole moment : 𝑄 = 0.1466b

Ref. N. J. Stone, Table of nuclear magnetic dipole and electric

quadrupole moments, Atomic Data and Nuclear Data Tables 90 (2005)

75–176

• Used code

MCDFGME by Jean-Paul DESCLAUX and Paul INDELICATO in France

Configuration interaction calculation will be performed for
better accuracy. 



Nuclear moments data



Applications : Plasma spectroscopy 

Temperatures and densities for

various plasmas
Coronal regime

CR regime

Edge

Tokamak Plasma Models  



OES in low temperature & low density plasmas 

CCP

ICP

Experimental setup



CRM for low temperature plasma 

Steady state balance equation for excited levels

𝜕𝑁𝑖

𝜕𝑡
+ 𝛻 ∙ 𝐷𝑎𝛻𝑁𝑖 =

𝜕𝑁𝑖

𝜕𝑡 𝐶𝑅
, 𝛻 ∙ 𝐷𝑎𝛻𝑁𝑖 ≈ 𝜈𝑖

𝑑𝑁𝑖 ,
𝜕𝑁𝑖

𝜕𝑡
= 0



𝑗≠𝑖

𝑛𝑒𝛼𝑗𝑖
𝑒𝑥 𝑁𝑗 +

𝑗>𝑖

𝜂𝑗𝑖 𝑁𝑖 𝐴𝑗𝑖𝑁𝑗 =

𝑗≠𝑖

𝑛𝑒𝛼𝑖𝑗
𝑒𝑥 𝑁𝑖 +

𝑗<𝑖

𝜂𝑖𝑗 𝑁𝑗 𝐴𝑖𝑗𝑁𝑖 +𝑛𝑒𝛼𝑖
I𝑁𝑖 +

𝑗

𝛼𝑖𝑗
I 𝑁𝑖𝑁𝑗+𝜈𝑖

𝑑𝑁𝑖

Populating terms Depopulating terms

Nonlinear terms

Ground level population

In the weakly ionizing plasma conditions 𝑁0𝛼𝐼 ≫ 𝑛+𝛼𝑅, 𝑛+ ≈ 𝑛𝑒

𝑝𝑡𝑜𝑡 = 𝑁0𝑘𝐵𝑇𝑔 + 𝑛+𝑘𝐵𝑇𝑖 + 𝑛𝑒𝑘𝐵𝑇𝑒 ≈ 𝑁0𝑘𝐵𝑇𝑔

𝑁0 ≅
𝑝𝑡𝑜𝑡

𝑘𝐵𝑇𝑔
(𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡)

Diagnostics for plasma parameters

Minimization of ∆ 𝑛𝑒 , 𝑇𝑒𝑓𝑓, 𝑅𝑒𝑓𝑓, 𝐿𝑒𝑓𝑓 =
𝐼𝑖𝑘
CRM − 𝐼𝑖𝑘

OES

𝐼𝑖𝑘
OES

2

, 𝐼𝑖𝑘
CRM=

𝑁𝑖𝜂𝑖𝑘𝐴𝑖𝑘
𝜆𝑖𝑘



Transition wavelength (nm) and
probability (108 1/s) in parentheses

Excited 

Levels 

Resonance Levels Metastable 

Levels 

1s2 

(J=1) 

1s4 

(J=1) 

1s3 

(J=0) 

1s5 

(J=2) 

2p1 

(J=0) 

750.39 

(0.45) 

667.73 

(0.002) 

  

2p2 

(J=1) 

826.45 

(0.15) 

727.29 

(0.02) 

772.42 

(0.12) 

696.54 

(0.06) 

2p3 

(J=2) 

840.82 

(0.22) 

738.40 

(0.08) 

 706.72 

(0.04) 

2p4 

(J=1) 

852.14 

(0.14) 

747.12 

(0.0003) 

794.82 

(0.19) 

714.70 

(0.006) 

2p5 

(J=0) 

858.01 751.47 

(0.40) 

  

2p6 

(J=2) 

922.45 

(0.05) 

800.62 

(0.05) 

 763.51 

(0.25) 

2p7 

(J=1) 

935.42 

(0.01) 

810.37 

(0.25) 

866.79 

(0.02) 

772.38 

(0.05) 

2p8 

(J=2) 

978.45 

(0.01) 

842.46 

(0.22) 

 801.48 

(0.009) 

2p9 

(J=3) 

   811.53 

(0.33) 

2p10 

(J=1) 

1148.8 

(0.002) 

965.78 

(0.05) 

1047.0 

(0.01) 

912.30 

(0.19) 

 

CRM for Ar plasma

: Lines 

used for 

comparison 

of CRM with

OES



Measured and modeled spectra for Ar I
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(b) CCP (200 mtorr, 10 W)
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Diagnostics : OES with CRM vs. LP measurement
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LP OES & CRM OES & CRM



OES for low temperature He plasma 

Langmuir

probe 

LT

HR 4000

Spectrometer

OF

High-resolution 

Spectrometer

OF

LT

LT: lens tube

OF: optical fiber

MFC: mass flow controller

𝑇𝑔 can be estimated with

the 𝑁2
+ rotational

temperature obtained
from the emission
spectra of the 𝑁2

+

transition 𝐵2Σ𝑢
+, 𝑣 = 0 →

𝑋2Σ𝑔
+, 𝜈′ = 0 by inserting

small amount of 𝑁2 gas

into the He plasma.

Gas temperature Measured spectra for 𝑁2
+

Modeled spectra
by LIFbase tool 

𝐼 = 𝐷0𝑘
4𝑆𝑒−𝐸𝑟/𝑘𝐵𝑇𝑟𝑜𝑡

𝑇𝑔 ≈ 𝑇𝑟𝑜𝑡 = 500 𝐾



CRM for low temperature He plasma 

Energy levels Kinetic processes

1. He + e → He∗ + e 𝛼𝑖𝑗
𝑒𝑥 [1]

2. He + e → He+ + 2e 𝛼𝑖
I [1]

3. He∗ → He + ℎ𝜈 𝜆𝑖𝑗 , 𝐴𝑖𝑗 [2]

𝑢𝑝 𝑡𝑜 1𝑠𝑛𝑙 (𝑛 = 10, ℓ = 3)

4. He 1𝑠2ℓ + He 1𝑠2ℓ′
→ He+ + He + e

2.9 × 10−9 𝑇𝑔/300
1/2

𝑐𝑚3/𝑠

𝛼𝑖𝑗
I

5. He 1𝑠2𝑠 → 𝑡𝑜 𝑤𝑎𝑙𝑙 𝜈𝑖
𝑑

𝜈𝑖
𝑑 = 𝐷𝑎

2.405

𝑅𝑒𝑓𝑓

2

+
𝜋

𝐿𝑒𝑓𝑓

2

,

𝐷𝑎 = 8.992 × 10−2
𝑇𝑔
3/2

𝑝
𝑐𝑚3/𝑠

[1] Y. Ralchenko, et al., Atomic Data and
Nuclear Data Tables 94 (2008) 603.
[2] G.W.F Drake, D.C. Morton, Astrophys. J.
Suppl. Series 170 (2007) 251.



CRM for low temperature He plasma 

OES and CR modeling spectra
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RF power (W)

LP

Electron temperature and density

K.-B. Chai and D.-H. Kwon, Spectrochimica Acta Part B 183 106269 (2021).
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Motivation of the construction of KAERI divertor plasma simulator

In order to develop divertor materials and cooling techniques resisting high heat and

particle fluxes (ITER cases are 10 MW/m2 and particle flux of 1024 /m2s, DEMO cases are the

much larger) we have constructed lab-scale divertor plasma simulator

Applied-Field MagnetoPlasmaDynamic thruster (AF-MPD thruster) concept

is used in KAERI divertor simulator

• Anode radius = 4/2 cm, cathode radius = 0.6/0.4 cm

• Anode material: Cu, cathode material: W+ThO2 (2%)

• Insulating material : ceramic (Al2O3)

• Sustain power supply : DC 100 kW (200 V, 500 A)

• External B-field: 0.17 T (NdFeB permanent magnet)

• Both anode & cathode can be water-cooled 

KAERI AF-MPD divertor simulator

Operates at relatively low gas pressure (~1s mTorr) for PSI study
and no need for separate Target chamber and additional vacuum
system

type I/ type II type I/ type II



permanent 
magnet

plasma
source

target
(calorimeter,
Langmuir probe)

35 cm

LOS of Doppler shiftLOS of OES

KAERI AF-MPD divertor simulator
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Type I for Ar Type II for H2, He
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Spectra for H

Hα

Hβ

Hγ

H(n≥1) + e → H(n’≥n) + e (1)

H(n≥1) + e → H+ + 2e (2)

H(n≤40) → H(n’ ≤n) + hν (3)

H+ + e → H(n≤40) +hν (4)

H2 + e → H(n=1) + H(n’≤3) + e (5)

H2 + e → 2H(n=2) + e (6)

H2 + e → H+ + H(n=1) + e (7)

H2 + e → H2
+ + 2e (8)

H2
+ + e → H(n=1) + H(n≥2) (9)

H2
+ + e → H+ + H(n≤2) + e (10)

H2
+ + e → 2H+ + e (11)

H3
+ + e → 3H(n=1) (12)

H3
+ + e → H2 + H(n=2) (13)

H3
+ + e → H+ + 2H(n=1) +e (14)

H2
+ + H2→ H(n=1) + H3

+ (15)

Considered processes

Cross section data from 

R. K. Janev, D. Reiter, and U. Samm, Report JUEL-4105 (2003)

R. K. Janev et al., Elementary processes in Hydrogen –Helium plasmas (Berlin: Springer, 1987) 

CRM for H plasma in KAERI divertor simulator  



CRM for H plasma in KAERI divertor simulator  

Rate balance equations for atomic levels 𝑛𝑎,𝑗
𝑑𝑛𝑎,𝑗

𝑑𝑡
=σ𝑞>𝑗

40 𝜂𝑞𝑗𝐴𝑞𝑗𝑛𝑎,𝑞 − σ𝑞<𝑗 𝜂𝑗𝑞𝐴𝑗𝑞 +
𝛾

𝜏
𝛿𝑗1 𝑛𝑎,𝑗 +

𝑛𝑒 

𝑞≠𝑗

𝛽1,𝑞𝑗𝑛𝑎,𝑞 −

𝑞≠𝑗

𝛽1,𝑗𝑞𝑛𝑎,𝑗 − 𝛽2,𝑗𝑛𝑎,𝑗 + 𝑛𝑒𝛽4,𝑗𝑛1

+𝑛𝑒 𝛽5,𝑗 + 𝛽6𝛿𝑗2 +𝛽7 𝛿𝑗1 𝑛𝑚 + 𝑛𝑒 𝛽9,𝑗 + 𝛽10,𝑗 𝑛2 +

𝑛𝑒 𝛽12𝛿𝑗1 +𝛽13 𝛿𝑗2 +𝛽14 𝛿𝑗1 𝑛3 + 𝑛𝑚𝛽15𝑛2 + 𝛿𝑗1

𝑖=1

3

𝜁𝑎𝑖
𝜇

𝑅

2

𝐷𝐴𝑖𝑛𝑖

𝑑𝑛𝑖

𝑑𝑡
=𝛿𝑖1𝑛𝑒 σ𝑗=1

40 𝛽2,𝑗𝑛𝑎,𝑗 − 𝛽4,𝑗𝑛1 + 2𝛽11𝑛2 +𝛿𝑖2𝑛𝑒 𝛽8𝑛𝑚 − σ𝑗=1
40 𝛽9,𝑗 𝑛2

+ 𝛿𝑖1 − 𝛿𝑖2 𝑛𝑒
𝑗=1

2

𝛽10,𝑗 𝑛2 − 𝛿𝑖3𝑛𝑒 𝛽12 + 𝛽13 𝑛3 + 𝛿𝑖1 − 𝛿𝑖3 𝑛𝑒𝛽14𝑛3 +

𝛿𝑖3 − 𝛿𝑖2 𝑛2𝛽15𝑛𝑚 −
𝜇

𝑅

2

𝐷𝐴𝑖𝑛𝑖

𝑝𝑡𝑜𝑡 = 𝑛𝑚𝑘𝐵𝑇𝑚 + 𝑘𝐵𝑇𝑎 σ𝑗=1
40 𝑛𝑎,𝑗 + 𝑛1 +𝑛𝑒𝑘𝐵𝑇𝑒 + 𝑛𝑚𝑘𝐵 𝑛2 + 𝑛3
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CRM for H plasma in KAERI divertor simulator  

CRM

Significant neutral pressure depletion was
measured unlike CRM and the pressure
balance is questionable. So rate balance 
equation for nm of H2 will be used instead of 
the pressure balance equation and the 
quasi-neutrality (𝑛𝑒 ≅ 𝑛1 + 𝑛2 + 𝑛3) will be 
used for n3 of H3

+ Instead of the rate 
balance equation.

𝑇𝑚 ≈ 𝑇𝑎 = 600𝐾 , 𝑃𝑡𝑜𝑡 = 100 𝑚𝑡𝑜𝑟𝑟

𝑛𝑒 = 3.6 × 1012(𝑐𝑚−3) , 𝑇𝑒 = 3.6 eV

, 𝑇𝑒 = 4.0 eV

vs. LP measurement

𝑛𝑒 = 1.7 × 1012(𝑐𝑚−3)

𝑅 = 3.0 cm (Infinate Cylinder)



Analytical chemistry by ICP-MS & OES

ICP-MS

ICP-OES



KAERI ADC (PEARL DB) https://pearl.kaeri.re.kr

https://pearl.kaeri.re.kr/

