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바닥상태 에너지 계산

• 계산 양자화학 개요

• Born-Oppenheimer 근사법(PES)과 독립입자 근사법 (오비탈)

• 전자 상태와 전자배치 – 다전자 계의 전자상태 파악

• Ab initio MO 방법 (sample calculations with ‘webmo’)
• Hartree-Fock (SCF, basis set)
• Post-HF methods
• DFT method

• Resources
• C. J. Cramer, ‘Essentials of computational chemistry (Theory and models)’ 2nd Ed., John Wiley & Sons LTD 

2004
• Prof. Cramer’s (Univ. of Minnesota) lecture note
• Prof. Schlegel’s (Wayne State Univ.) lecture note
• WebMO user’s guide (www.webmo.net) KAIST site: hartree.kaist.ac.kr
• Exploring chemistry with electronic structure method (expchem3.com)

•

http://www.webmo.net/


20C: 이론화학 별거 없지만 계산화학 할게 있을거요

1902 – 1984
U.K. Physicist
Nobel Prize(1933)



Quantum Mechanics: Solving Schrödinger Equation (SE) 

• Solving SE yields energies and wave functions of the 
system – any property can be obtained (most of 
chemistry can be discussed)

• SE is defined once positions of atomic nuclei and 
number of electrons are given (any molecules can be 
handled)

• Exact solutions are usually impossible, but 
reasonable(?)  approximate solutions of SE are 
possible for atoms, molecules, and crystals

• Ab initio quantum chemistry for molecules
• First-principle electronic structure for solids

= EH



Computational Quantum Chemistry

• Approximate solution of Schrödinger  Equation for molecules. (exact only for H atom)

• Test projects for computational science up to 60 years ago, theoretical research topics 
before then.

• Available only through computer centers (Rich men’s pet project) and then 
workstations – 40 years ago (1975 CDC7600, $50M, 36.4MHz, 65kword)

• Presently becoming a best tool for poor chemists (H/W $1k, 3.5GHz, 16GB)
• available everywhere at various levels to almost anyone willing to use
• part of molecular modeling and simulations
• Many chemical imaginations can be tested by

• Aim to find more accurate and/or efficient methods for larger systems (computationally demanding as system grows)

• Importance recognized by 2013 and 1998  chemistry Nobel prizes

= EH

Power of CQC grew by ~1017 (H/W 12 +S/W 5) in 40yrs! Next 10yrs?
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In QM the basic Hamiltonian is known for systems of 
nuclei and electrons – SE can be written for any system
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nuclear kinetic electron kinetic nuclear/electron potential

nuclear/nuclear potential electron/electron potential

h   : Plancks constant

e   : electron charge

me : electron mass

M  : nuclear mass

Z   : atomic number

rAa : distance separating nucleus A and electron a

RAB : distance separating nuclei A and B

rab : distance separating electrons a and b

= EH

• Only electrostatic force is treated in electronic structure methods

• In atomic units, most constants become 1
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Approximations almost always implicit in quantum chemical method –

size of error acceptable?

• Born-Oppenheimer Approximation (leads to electronic structure

and potential energy surface)

• Independent particle assumption (MO) as a starting point – best 

solution is HF limit – error is electron correlation energy (~1eV 

per electron pair)

• This makes ‘right answer for the right reason’ very difficult.

• Effect of relativity and higher order interactions missing from 

the non-relativistic Hamiltonian
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양자화학계산은분자의모든특성을이해하는데활용가능
(정확도가충분하면분석도구로이용 –작은분자에대한현재수준)
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Computational Quantum Chemistry: approximate solutions of 

Schrödinger Eq. for molecules (better accuracy and efficiency are goals)

Major factors affecting quality of  ab initio MO (and DFT?) calculations 

Basis set (Orbital) (LCAO-MO, AO~GTO)

Electron Correlation (Wavefunction) – 전자상관성에너지

Relativity and additional terms in Hamiltonian

• Importance of relativity, especially for heavy elements, well recognized

• RECP routinely utilized

ab initio MO methods

refers to purely mathematical 

approximation of

= EH

DFT

Spin-orbit(SO) calculations are recent additions to many programs
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Chemical accuracy required is about 1 kcal/mol (1.59x10-3 a.u. or 0.04 eV): then most Quantum Chemical methods 

could be could be meangless in chemistry, BUT

• Chemistry and properties of a molecule are usually determined by the difference (or derivatives), and 

not the total energy. 

• We may expect a large cancellation of errors for systems of interest.

• Exploitation these error cancellations are necessary for any practical method – ( force-field and semi-

empirical methods strongly rely on this)

• Unfortunately three axes of accuracy have different size(or level) dependence – in need of 

improvement all the time for Quantum Chemical method even in terms of accuracy

• Better method and theory for larger system is always in demand. Especially good multi-scale method

• Beyond HF calculations with non-rel H, errors easily identifiable are relativistic effect (scalar and 

spin-orbit) and electron correlation in addition to basis set deficiency. (Three principal axes)



Fixed-Nuclei approximation and 
Potential Energy Surface (PES)



SE of nuclear Hamiltonian
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Potential energy hypersurface (PES) is a plot of potential energy  (electronic E + nuclear 

repulsion) as a function of nuclear arrangement (many E levels)



Geometry Optimization: Methods for Minima

Copyright ©  1990-1998, Gaussian, Inc.

Features of Potential Energy Surfaces

Adiabatic PES especially that of the ground state is of fundamental interest

Usually only critical points are considered to interpret stability and reactivity of molecules



Ab Initio method and qualitative analysis of electronic 

structure starts with HF wavefunction (Independent 

Electron Approximation)

• Assuming that each electron moves independently in the 
mean field of all other electrons and nuclei (effective H)

• Many electron H is approximated by the sum of one-electron effective H

• Many electron wavefunction is a product of one-electron wavefunctions 
(called orbitals)

• The energy of the orbital is the orbital energy (HMO is an example)
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HOH molecule as an example

• Linear or bent

• VSEPR predicts bent

• Coordinate defined on the 
right

• Walsh rule also predicts bent

22



SAO of HOH (basis functions: occ. AO 
of H and O)
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Orbital interactions: 
AO to SAO same as 2 equivalent
SAOs to MO similar to non-equivalent 
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Refined orbital energy levels of bent structure
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OHO bent structure preferred in all analyses.



양자화학 계산방법



QUANTITIES AVAILABLE FROM MO CALCULATIONS

• Molecular energies and structures

• Energies and structures of transition states

• Bond and reaction energies

• Molecular orbitals

• Multipole moments

• Atomic charges and electrostatic potentials

• Vibrational frequencies

• IR and Raman spectra

• UV/VIS spectra

• NMR properties

• Polarizabilities and hyperpolarizabilities

• Thermochemical properties

• Reaction pathways and more
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양자화학 계산 체험 – webmo.net



Various quantum chemical calculations can be  readily 
performed by packages – can be used directly or through user 
interface program like ‘webmo’ 



Hartree-Fock (HF) wavefunction satisfies 
antisymmetry. – electrons are fermions

• Slater determinant is the way to achieve antisymmetry from the 

product functions. (row for electrons, column for spin-orbitals)
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Normalization factor (1/n!) omitted.
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With basis set expansion, Fock equation in HF method can be written in matrix form

Expansion coefficients and thus the density matrix is required to define Fock operator
- Iterative method is usually required to obtain HF orbitals and energies

(effective Hamitonian of HF method)



Roothaan-Hall Equations (same as HFR)

• basis set expansion leads to a matrix form 
of the Fock equations 

F Ci =  i S Ci

• F – Fock matrix

• Ci – column vector of the molecular orbital 
coefficients

•  I – orbital energy

• S – overlap matrix
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Total E of molecule in HF!

• Not equal to sum of orbital binding energy of occupied 
electrons.

• Reported HF energy for molecules also contains nuclear 
repulsion contributions – called potential E of a molecule (or 
E on PES)

• Same applies to some semiempirical MO methods.
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HF results at the given geometry

• Electron configuration (lowest state of each symmetry)
• Charge

• Multiplicity

• RHF or UHF (restricted or unrestricted orbitals)

• Basis set (set of mathematical functions)
• LCAO defines orbitals (AO’s are basis functions)

• Wavefunction approximated by Slater determinant of spinorbitals
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do

Ps= a + b
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Generating 21G from STO-3G
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Contraction basis set sample



6 component d (Cartesian) vs 5 component d (Spherical)
51
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Additional basis

• More than two split valence

• Diffuse functions for (-) ionic character

• Effective core potentials (or psuedopotentials) and matching 
basis

• k-lmn..+…G(xdyf…,zp…) 
• e.g. 6-311++G(3d2f1g,3p2f)
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Expansion is carried out systematically –

quickly becomes very large



55











KAIST  
QCLab

Canonical HF orbitals of H2O
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Valence bond orbitals obtained from natural bond analysis HF orbitals –

similar to hybrid atomic orbital (sp2 on O)

Dec. 5, 2003



HF limit

• With the infinite number of basis functions, one gets HF-limit 
solutions

• Finite basis set always contains basis set incompleteness error 
(minimize by balancing) 

• One may utilize additivity and/or extrapolation to estimate 
HF-limit

• HF-limit wave functions are still crude approximation
• Electron correlation energy (Eexact – EHF )
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Effective core potentials (ECP)

• ECP, pseudo potential, model potentials are different names

• Replace core electrons with effective potentials and omit core from 
calculation

• Save computation (reduce number of basis functions and 
dimensions of F matrix)

• Useful for heavy atoms

• Could include relativistic and other higher order contributions

• Many sets have been developed and available (ex.  LANL, SD etc.)

• Frozen core approximation (usually no core orbitals in calculations)

• Transferability determines accuracy

63



Types of Hartree-Fock Wavefunctions

• Closed shell, RHF
– spin restricted Hartree-Fock

–  and  spin electrons share the same spatial orbitals

• Open shell, UHF
– spin unrestricted Hartree-Fock

–  and  spin electrons have different spatial orbitals

• Open shell, ROHF
– spin restricted open shell Hartree-Fock

– most  and  spin electrons have the same spatial orbitals

– singly occupied orbitals hold the remaining electrons



UHF and ROHF open shell

Virtual

Orbitals

Occupied

Orbitals



UHF orbitals for H2

RHF orbitals for
all bond distances



Practical points of HF methods

• SCF convergence

• Good initial guess important (solution of similar systems if available 
may be best, otherwise default options)

• Extrapolations and interpolations

• Symmetry can reduce computation 

• block diagonal F matrix

• smaller number of unique integrals

• Reduced dimensionality of PES, especially useful for transition state 
search
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Larger systems

• Direct method: recompute integrals when needed and do not 
store 2-e integrals

• Linear scale method
• Only calculate integrals larger than the threshold

• Calculate small integrals crudely or only approximately

• Efficient geometry optimization and/or Hessian evaluation

68



Performance of ab initio HF theory

• Problem dependent – search literature
• Good geometry

• Poor energy difference when different bondings are involved

• Rough estimates of ionization energies from Koopmans theorem 
useful

• Charge distributions reasonable in many cases

69
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Electron Correlation Energy

Post HF Methods ; Electron Correlation Methods.

Definition

• Ecorr = E non-rel,true - EHF :    Difference between the exact  

non-relativistic energy and the Hartree-Fock limit energy.

• Static correlation : near-degeneracy effects, internal 

correlation .  Improper description of a state by a single 

determinant wave function. --> Demands multi-reference 

determinants.  cf. MCSCF and CASSCF.

• Dynamic correlation : from the two-electron cusp. --

Improper description for short distance multi-electron 

coordinates. (about 20 kcal per e pair)

• Multi-particle basis expansion.     ==
i

iiiC .tsDeterminanSlater:
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General Approaches
• include r12 in the wavefunction

– suitable for very small systems

– too many difficult integrals

– Hylleras wavefunction for helium

• expand the wavefunction in a more convenient set of 

many electron functions

– Hartree-Fock determinant and excited determinants

– Large number of excited determinants, slow to converge

– configuration interaction (CI)
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Goals for Correlated Methods

• well defined

– applicable to all molecules with no ad-hoc choices

– can be used to construct model chemistries

• efficient

– not restricted to very small systems

• variational

– upper limit to the exact energy

• size extensive

– E(A+B) = E(A) + E(B)

– needed for proper description of thermochemistry

• hierarchy of cost vs. accuracy

– so that calculations can be systematically improved
74
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0      singles   D



CI (Configuration Interaction) Methods.

• From the reference configuration --> one-, two-,  … , 

electron excitation from occupied MO into virtual MO.  --> 

Produce multi-particle basis, 

• Optimize Ci’s by the linear variation theory.  

• Limits to single electron excitation -->  CIS    

(Actually no correlation, but it gives excitation energy)

• Limits to single and double excitation --> SD-CI

• D-CI, SDT-CI, …., Full-CI (FCI).

• QCISD and QCISD(T) for size extensivity.

 ==
i

iiiC .tsDeterminanSlater:

i
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Similar for all other 0th states (SDs)
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• Density Functional Theory (DFT) is now probably the most 
popular quantum mechanical method for electronic structure 
calculations.

• Ab initio MO methods, HF and post-HF, are sometimes called 
wave function theory (WFT).
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Electron Correlation
• In the Hartree-Fock approximation, each electron 
sees the average density (aka mean field) of all of 
the other electrons

• Two electrons cannot be in the same place at the 
same time

• Electrons must move to avoid each other, i.e. their 
motion is correlated

• Types of electron correlation

• Dynamical

• Non-dynamical (or static)

• The difference between the exact energy and the 
Hartree-Fock energy is the correlation energy for a 
particular basis set.
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DFT Motivation
• The wave function itself is essentially 
uninterpretable.

• Reduce problem size: Wave functions for N-
electron systems contain 4N coordinates.

• Wave function based methods quickly become 
intractable for large systems, even with 
continued improvement in computing power, 
due to the coupled motion of the electrons.

• A desire to work with some physical observable 
rather than probability amplitude.
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Electronic Energy Components

• Total electronic energy can be partitioned
E = ET + ENE +EJ + EX +EC

ET = kinetic energy of the electrons
ENE = Coulomb attraction energy between electrons 

and nuclei
EJ = Coulomb repulsion energy between electrons
EX = Exchange energy, a correction for the 

self-repulsions of electrons
EC = Correlation energy between the motions of

electrons with different spins

• ET, ENE, & EJ are largest contributors to E

• EX > EC   (magnitude)
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To obtain electron density
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HK (Hohenberg Korn)



DFT contains electron correlation energy while HF does not

101



102



103



104



105



106



107



108



109



110



111



112



113



114



115



116



Accuracy vs. Computational Cost
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Hybrid Functionals (B3LYP one of them)
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PBE is most popular in band structure calculations 



DFT – summary and…
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More names of functionals following(list only partial)

• Still many new functionals are being developed

• Partial list of recent and not so recent developments

– Range corrected

– Dispersion

– Double hybrid

– Orbital dependent

– Exact MPn, CC etc..

– Machine-learning optimized and more

• Recommend benchmarking before extensive applications

136



137


