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Introduction



100 years of QFT (almost)



1925-1950

1950-1975 1975-2000

2000-2025

QED

Standard Model

Black-hole 
information

SUSY-SUGRA-String

BSM, XX-EFT

duality / holography

???

Renormalization



QFT, oversimplified

Free Interacting

Perturbative

Non-perturbative



Progress in scattering amplitudes 
of gauge theory and gravity

Simple results

Efficient algorithms

Deeper understanding

Old and new ideas are being unified and recombined !!!

more dramatic for QCD 
less so in the electroweak sector



1960's



QFT vs "S-matrix theory"

a f = Â
i

S f iai , SS† = 1

ds

dW
µ |S|2



Unitarity, Locality, Causality

Analyticity

... without QFT ?!





Unitarity, Locality, Causality
Analyticity

... with QFT (and string) !!!



1980's



Perturbative QFT 
 

beyond Feynman diagrams

No more 
"shut up and calculate"





[Jacob Bourjaily, talk 2014]



The final result was summarized in 8 pages.

220 Feynman diagrams, thousands of terms.
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Maximally helicity violating (MHV) amplitudes
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[Parke-Taylor ’86] 
[Giele-Berends ’88]



One-loop 6-gluon amplitude

(schematically) 

in modern notation.

= [12345]Li2(u)
+ [12356]Li2(v)
+ [13456]Li2(w)

[Zvi Bern, KITP colloquium] [Marcus Spradlin, talk 2014]



Color decomposition

Full amplitude  
(permutation symmetry)

“Color-ordered” amplitude
(cyclic symmetry only)

Color ordered amplitude

Color ordered Feynman rules  

(Less diagrams, simpler Feynman rules)

Ma1,a2,...,an
n (p1, p2, . . . , pn) = Â

s�Sn/Zn

Tr(Ts(1) · · · Ts(n))An(s(1), · · · , s(n))



Spinor helicity notation
h = +1 h = �1

[Berends, Kleiss, Troost, Wu, Xu... 80’s]

Massless momentum in bi-spinor notation: paȧ = lal̄ȧ

Lorentz invariants: hiji ⌘ eab(li)a(lj)b , [ij] ⌘ eȧḃ(l̄i)ȧ(l̄j)ḃ

Helicity weights: (l, l̄) ! (tl, t�1l̄) , e+ ! t�2e+ , e� ! t+2e�

=) An(tili, t�1
i l̄i, hi) =

 
n

’
i=1

t�2hi
i

!
An(li, l̄i, hi)



2000's



Tree amplitudes and loop integrands

Loop integrals

Gauge-Gravity-String

Application to gravitational wave analysis



Tree Amplitudes 

& 


Loop Integrands 



3-gluon amplitude

p1 + p2 + p3 = 0

1-
2-

3+

An(tili, t�1
i l̄i; hi) =

 

’
i

t�2hi
i

!
An(li, l̄i; hi)

An(sli, sl̄i; hi) = s�2(n�4)An(li, l̄i; hi)

A3 =
h12i3

h23ih31i .

A3 is the unique Lorentz invariant  
     satisfying the following scaling properties:

Caution:  
momentum  
complexified



BCFW recursion
Higher point amplitude from lower ones

Idea: on-shell deformation of momenta

l̄j ! l̄j � zl̄l , ll ! ll + zlj (p2
j = 0, p2

l = 0, p1 + · · ·+ pn = 0 unaffected)

An = An(z = 0) =
Z dz

2pi
An(z)

z
deformed contour, 
fall-off at infinity, 
residue theorem

j lJ Lj l. . .

12 n

. .
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.
.
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1
PJ(0)2

.. ..
.
. .

.

. .. .

�h +h

pj(zJ)

Â
J[L=All

pl(zJ)

[Britto-Cachazo-Feng(-Witten) 04(05)]



BCFW and gauge symmetry An = Â
J,±

A±
J (zJ)

1
PJ(0)2 A⌥

L (zJ)

Higher point amplitude from lower ones

j lJ Lj l. . .

12 n

. .
.

n-1

.
.
..

.
.

1
PJ(0)2

.. ..
.
. .

.

. .. .

�h +h

pj(zJ)

Â
J[L=All

pl(zJ)

No need for the 4-point vertex !



Positive Geometry for Amplitudes

Grassmannian integral

Amplituhedron

Illustration by Andy Gilmore

[Arkani-Hamed,Cachazo,Cheung,Kaplan 09]

An,k(W) =
Z dk⇥nC

vol [GL(k)]
d4k|4k(C · W)

M1M2 · · · Mn�1Mn

[Arkani-Hamed,Trnka 13]On-shell diagrams

TREE 4-point MHV

=

[Arkani-Hamed,Bourjaily,Cachazo,Goncharov,Postnikov,Trnka 12]



BCFW in 3d

Momentum conservation in 3d spinor-helicity

n

Â
i=1

(pi)ab =
n

Â
i=1

lialib =
�
l1a · · · lna

�
0

B@
l1b

...
lnb

1

CA

[SL 10]
[Gang,Huang,Koh,SL,Lipstein 10]

3d Grassmannian integral

A2k(L) =
Z dk⇥2kC

vol[GL(k)]
d(CmiCni) ’k

m=1 d2|3(CmiLi)
M1(C)M2(C) · · · Mk(C)



Gauge-Gravity-String



KK identities

#(independent amplitudes) : (n � 1)! ! (n � 2)!

f abc = Tr(TaTbTc)� Tr(TbTaTc) , f abe fe
cd + f bce fe

ad + f cae fe
bd = 0

An(pi, hi, ai) = Â
s2Sn/Zn

Tr(Tas(1) · · · Tas(n) )An(s(1h1), · · · , s(nhn))

[Kleiss-Kuijf 89]

Color ordered amplitude



Color-Kinematics duality [Bern,Carrasco,Johansson 08]

A4 =
nscs

s
+

ntct
t

+
nucu

u

cs + ct + cu = 0

ns + nt + nu = 0

color (Jacobi)

kinematics (p-cons)

 
An(gauge) = Â

I

cInI
DI

=) Mn(gravity) = Â
I

nI ñI
DI

!

BCJ doubling

#(independent amplitudes) : (n � 2)! ! (n � 3)!



KLT doubling [Kawai-Lewellen-Tye 86]

“(Open)^2 = (Closed)”

+ =

[An(gauge)]2 = An(gravity)

(massless limit)

1-
2-

3+

A3(gauge) =
h12i3

h13ih23i

Ex) 3-graviton amplitude

1-- 2--

3++

A3(gravity) =
✓

h12i3

h13ih23i

◆2



Scattering equation [Cachazo,He,Yuan 13]

Â
b 6=a

pa · pb
za � zb

= 0 (za 2 CP1)

Valid for massless spin 0, 1, 2 particles in all dimensions

Generalizes Witten’s twistor string theory

Same equation appears in the high energy string scattering [Gross,Mende 87]



Loop Integrals 



Taming the loop integrals

Traditional methods

Reduction to scalar integrals

Relation between similar integrals integration by parts relations 
differential equations
difference equations... basis of "master" integrals

Modern technology
symbols, Hopf algebra, coaction,  
zeta values, single-valued projection, ...

log, poly-log (harmonic, multiple, elliptic ...)



Poly-logarithm : 

Taming the loop integrals

Nested integral of 

Example : scalar box integral

<latexit sha1_base64="QJaNYEyRdgyVSkmqCIp/MhtyyCI="></latexit>

d log f1 ^ d log f2 ^ · · · ^ d log fn

=
d f1
f1

^ d f2
f2

^ · · · ^ d fn
fn



Application to

Gravitational Wave



Binary system with spin

Newton :

Einstein :

Newton ~ leading approximation to Einstein

A B



PN vs PM

1PM

2PM

3PM

0PN 1PN 2PN 3PN

...
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4PM

(1686) (1938) (1974) (2000)

[Hostein,Ross 08]
[Neill,Rothstein 13]

[Donoghue 96]
[Goldberger, Rothstein 04]

QFT-inspired methods 
pioneered by

became main-stream around 2018
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Amplitude approach : the frontier

PN order = n + m + l/2
[Cheung,Rothstein,Solon 18]

[Bern,Cheung,Roiban,Shen,Solon,Zeng 19]
[Bern,Parra-Martinez,Roiban,Ruf,Shen,Solon,Zeng 21] 

[Chung,Huang,Kim,SL 20] 

l = 4

[Chen,Chung,Huang,Kim 21] 



Outlook



We have learned a lot about QFT over a century.

Quantum Field Theory

New discoveries are still being made, even in perturbation theory.

Gauge theory, gravity, string theory are closely related.

More experts are needed in the Korean community.

Now may be a good time to update "how to teach QFT".


